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Lecture 5 : Ornstein - Zernike equation and condensation.

Recap : Density-density correlation functions
p(i) = [DO-il Note:< ...) depends on

ensemble!
p(r") =<I
For homogeneous isotropic system : g"(i) = pag(l-r)
Radial distribution function g(r) = conditional probability

potential of mean force.

Short-range correlations determine complete thermodynamics of the system
·=phT+arg()v(r) (Caloric routee

·

p =pkT-dirghlv'(r) (Virial route)[· i +pfar[gir)-1] = phiThT (Compressibility route)

The compressibility sum rule is more compactly rephrased as

SarG(r) = g2 kaTu+ () ; G(r) = (5(r)5p()]
5%()= (i) - ((r)] .

Compare with: TE) = (d6(t)e-itChomogeneous +isotropic
Define(h) = pS(h)

=> () combe rewritten as:) = phyta -
Slide

-

S(k) is called the static structurefactor (=measurable quantity ! )



②
Ornstein-Zernike (02) integral equation

Define the indirect correlation function : h(r) =g(r) -1

Note that h(r)-o for->a (uncorrelated particles).

The indirect correlation function satisfies the integral equation :

h(rl = c(r) +p(di"c(-))h(r) . (for now this relation

↳ direct correlation function.
defines ((r))

Dyson-like equation- 2 can be derived using DFT

"More directly related to inderaction potential since c(r)--Bur)
(r+ c) .

6(r) does not contain
any

oscillations unlike h(r) .

E .

g. Lennard-Jones fluid :

dr)

chr)

#O

Iteration of Ozegnation :

h(v
,2) = <(r,2) + p(arc (r , b) [c(isa) +p(drya(is)c(ryz) +.... )

Diagrammatically :

~= 00 + oo

= oo ++

= o++8 +... -



③
Looks easier in Fourier space?
[(h) = j(h) + pi(h)[(k) = (h)=)
Or since S(k) = 1 + ph(h) S(k)= (Interpretation

in terms

of structure
factor)So from Ot equation ,

we can

determine g(r) if <(r) is known random phase approximation.
↑

1) We need a closure relationn. E .g.
RPA c(r) = - Bu(r) .
(soft core systems) -

No exact
way
to obtain a closure relation ->> approximative

closure relations -

(see Lecture notes for some examples

For now
,
let'sfocus on one more approximative closure relation :

Py(r) = 21-eBvcrGgpy(r) .
Excellent approximation for
hard spheres.

For hard spheres ,
one can determine within PY closure an analytical

solution for the direct correlation function :

spyl)-Eyl
· (r >w)

(follows from Oz equation) .
Note Straightforward to obtain SCk) via Fourier transformation.-i

However for g(r) : numerical calculations.

PY closure approximation is quantitative up until HS freezing.



Although gpy H is not analytically available we can still
obtain analytical results using compressibility or virial route :

&
=> Consistent up until O(p") .

=> Inconsistency due toPY approximation .

Inderestinglype
Note : g(r)ze-Pult (dilute system).

=>) Big difference between hard spheres and e.

g
2

.% system.

However
, for dense systems gis (r) is almost indistinguishable

from gpy(r) .

= In dense system short-range repulsions dominate the short-range
correlations

(Slides) .

&

The gas-liquid phase transition.
Let's have a look at a simple model with attractionss

EX0Consider the Lennard-Jonespotential. --(y(r) = + ye[()" - (5)]

We approximate :

Vis(r = ConI v W: h parametera



The free energy density can be written as 8.5

fp .T) = fus(p)-BTSdrFe-Bratt(r) - 1]
- fis(p)-d4e(=) =: fus-ap?

with a= 16 Evo? Vo=
could be approximated by Garnahan-Starling but herewedo
a simpler approximation.

Consider configurational integral :

&
Hs (N ,YT) = Shexp[-BUHs(rij]

= V(V - Pro) (V-2. 800) .... (V- (N-1)Pro) = V
* (1- .... )

(0)" : (V-N)"(O)

binomial

We thus find the Helmholtz free energy density
Bf(p) = plog()-1] - Bap? Vander Waals approximation.

p = -f +p() Derived by VdW without knowingthe existence of atoms and
molecules.

Recall Ahermodynamic Stability criteria :

with It and Xi

(ox
, ... Xin ,Xin. -Austra .... In

30
conjugate

I : intensive variables & :: extensive variables ·

One such thermodynamic stability criterion is-
+

20

(positive is othermal compressibility)

inothewordsa
=Tc

P Ethermodyn

egime for whichif unstable
we have parameter TCT

c.

=>Thermodynam is instability .

8



⑥

+[
=Tc

inothewordsa Ethermodyn· unstablewe have parameter TCT
c.

regime for which () Lo

=>Thermodynam is instability .

8
At T=T

, we haveinflection point in the pressure

(oo; = 0 at the critical point(

Example , for val motel : Pabt ; katyme critical behaviour,

a
critical exponents.

More generally the thermodynamic stabilitycriterion says :

p= -f+0 = Greenergydensityisotemis=
of p .

Locus of all points for which (f) to defines the spinal o
g(T)

=> denotes limit of stability. Within spinodal system is absolutely
unstable. (free energy density is

concave)
Wewill now show for TCTC system can lower its total free energy
by phase superation.To
Neglecting surface effects: Eps =Vfps = Vef(pe) + Vgf(pg)-
In canonical ensemble : N

,
V fixed : V = Ve+ Yg .

pV = ggVg + peYe .

Hence
,

we find using these constraints that

Fis= f(pe)+ fpy)= +(e)+ f(py)

= f(pq) + type) - f(py)]/PV =Pete



⑦
Brotherwords:=

g

Therefore:

fps(p,T)= f(py ,T)+ [f(T) - 86qT)] py
=
p-p
TTs

(pe , pg) determined by minimisation of Fps.

#
= -f(g)(a)

Note that first condition .
Pl-Pg .

M(pe ,T) =upg ,T) = (h=ope.
p(pe ,T) = p(pg ,T) (Recall

p
= -f + (8)+p.) -

= () v
,
+

- Espe ,T( + pen(pe ,T) = -Eps(pg ,
T) pyM(pg)

Define :

M(pe ,
T) =u)pqT) =Mco(T) I =V,

Hence :

-(+
p(pg ,5) - p(pe ,T) = 0 = (pg-pe)[McoLT) -f
(Second condition in (A) .

equal chemical potential bothoases
.

Common tangent construction E) equal pressure



⑨
In general we have phase coexistence when all intensive variables in

both phases are equel .
all

Note forTot no common·tangent construction W
total free energy by phase

Pg Ph P

separation.

Pg(T) gas branch G linodal

peCT) liquid branch

We arrive at typica phase diagram!

·growthlenergy barrier
to phase separate)

osition
decomp

Note that at critical point : him S(y) =h+ (0)-N9 ts



Suppose incitent wavelength X-5000 A ⑨
= density fluctuations with lit/) will scatter the light)
Close to critical point [16) & SDK) grows large
=> Strong scattering gives rise to milky appearance .

Critical Opalescense).

We shall show that this occurs when Ed
nu

EET,<<<TcExperimentally

su
2

Originally OZ was developed for this to


